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Abstract-Here we propose a family of explicit symplectic schemes for vortex systems, which are 
corresponding to the symmetry of these systems. 
1. INTRODUCTION 
There has been much recent interest in the idea that numerical schemes to solve Hamiltonian 
systems should preserve the symplectic structure of the Hamiltonian systems, i.e., that the T-map 
(P(t), q(t)) ---) (P(t + 47 q(t + T>) (1) 
over the time interval r should be a canonical or symplectic transformation, where here p and q 
are iv-dimensional vectors of canonically conjugate coordinates and the Hamiltonian for an au- 
tonomous system is H(p, q). There are many papers dealing with symplectic schemes for Hamil- 
tonian systems; see [l-6). In [7], Pullin and Saffman used an implicit fourth-order Runge-Kutta 
method which is symplectic to calculate a 4-vortex system and showed the advantages of sym- 
plectic schemes. In this paper, we construct some explicit symplectic schemes for an N-vortex 
system. 
Let us consider N vortices with the strengths (velocity circulation around the vortex) 4, i = 1, 
2 . * , N. Denote the Cartesian coordinates of the vortices in a flow plane by (xi, yi), 1 5 i 5 N. 
‘Iken the equation of motion for N vortices is 
k.dxi 8H 
“dt=ayi’ 
k.dYi = _dH 
’ dt zg’ lli<N. 
Here 
Hz-1 c 
2n l<i<j<N 
kikj In Tij (3) 
- - 
is the Hamiltonian of the system, and Tij = &Xi - Sj)2 + (Yi - Y# are the distances between 
vortex i and vortex j, [S]. For each pair of i, j, 1 5 i, j < IV, Hamiltonian system Hij = 
-& kikj In rij is integrable, and has phase flow ghij : R2N + R2N. Our schemes are based on 
the compositions of these phase flows. 
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2. EXPLICIT SYMPLECTIC SCHEMES 
FOR SEPARABLE HAMILTONIAN SYSTEMS 
For the convenience of description, we let (21, . . . , ZN, z~+l, . . . , ZZJ,T) = (~1, . . . , pa, ~1, . . . , qN) 
or z = (p, q). In this paper, a Hamiltonian system H(z) is called a separable Hamiltonian system 
if H(z) can be written as a sum of integrable systems, i.e., 
and for every system Hi(z), 1 _< i 5 m, its equations of motion have an exact solution z(t) = 
QHi (~0, t>, where 2 o is the initial value z(0) = zs, or phase flow ghi : R2N -+ R2N, g+o = 
gH, (zo, t). In [CI-121, some explicit schemes for system (4) constructed by the compositions of 
gki, 1 < i 5 m are proposed. Here, we just write them in the following. Denote by gzjgsi the 
composition of g$ and g2j, i.e., gijgg,z = gzj (g& z) = gHi (gHi (z, ti), $). Then schemes 
zk+l = g;r,g;i, . . .g;r,zk (5) 
and 
Zk+i = g;lr,g;r,_, . ..g.I,z” (6) 
are two schemes of order 1, r is the time step. We say a numerical algorithm is of order n if its 
single step r-map has error compared with the exact solution of order P+i. 
Letting Ft = g&,gL, . . . g& and Gt = ghmg&,_, . . . gk , schemes (5) and (6) can be expressed 
in the forms zk+i = F7zk and zk+’ = G7zk. 
The two second-order schemes constructed by the composition of Ft and Gt with time step r/2 
are 
Zk+i = F’/2G’/2Zk 
(7) 
and 
Zkfi = G’/2F’/2Z”. (8) 
The two fourth-order schemes constructed by the composition of schemes (7) or (8) are 
and 
Zk+r = GC”/sF C,7/2FCzT/2GC27/2Gcl~/2FclT/2Zk, 
(10) 
where cl = l/2 - 21i3, c2 = -2ri3/2 - 21/3. About the higher order schemes constructed by the 
composition of Ft and Gt, see [6&l-11]. 
3. THE EXACT SOLUTION OF TWO-VORTEX SYSTEMS 
In this section, we consider 2 vortices with the strengths ki, kp. The equations of motion are 
dxl dH 
kl-=--, 
dt dY1 
dxz dH 
k2z = j@ 
k dyl_aH 
‘dt G’ 
k dYz=_aH 
2dt &.’ 
(11) 
Here 
1 
H = --klk2 In r-12 
27r (12) 
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is the Hamiltonian of the system, and r-12 = J(XI - X2)2 + (31 - 3/2)2 the distance between 
vortex 1 and vortex 2. Since H is a first integral of the system, so is ~2; if we supposed the 
initial value is 
Xi(O) = Go, !/i(O) = %o, l<i<2, (13) 
the exact solution is xi(t), yi(t), 1 I i < 2, then 
(21(t)-x2(t))2+(Y1(t)-Y2(t))2 = (X1(0)-X2(0))2+(y1(0)-Y2(0))2 = (Xlo-X20)2+(Ylo-Y20)2. 
(14 
Substitute (14) into (ll), and let al = kr/27rrf2, u2 = Ic2/27rr~,, ur,u2 are constants of motion, 
equation (11) becomes a linear differential equation with constant coefficients: 
;(,i-(:. -;; js :1)(i). (15) 
Equation (15) with initial condition (13) has the following solution: 
Xl 
0 i 
UlXl0 + U2X20 + (X10 - X20)U2 cos(Ul + U2)t - (YIO - y20)U2 sin(Ul + a2)t 
X2 1 
Yl =---- 
a1510 + U2X20 + (X20 - Xlo)a cos(Ul + U2)t - (y20 - YIO)UI sin(U1 + u2)t 
al+ U2 my10 + ~2~20 + (XIO - X20)U2 sin(Ul f U2)t + (~10 - y20)U2 cos(Ul + U2)t ’ 
Y2 UIYIO + ~2~20 + (120 - Xl0)Ul sin(Ul + U2)t + (~20 - ~10)~ cos(Ul + U2)t i 
for a1 + u2 # 0 (16.1) 
Xl 
X2 0 Yl = Y2 
4. 
(16.2) 
SYMPLECTIC SCHEMES FOR N-VORTEX SYSTEMS 
NOW we consider N-vortex system (3). For each pair of i, j, 1 _< i, j 5 N, Hamiltonian 
system Hij = - & ki kj In rij will be analogized to a two-vortex system with the strengths ki, kj. 
According to Section 2, Hij is integrable, the transformation gh,? : R2N -+ R2N given in the 
following: 
Uiyi + UjYj + (Xi - Xj)Uj sin(ui + Uj)t + (yi - Yj)Uj COS(U$ + Uj)t 
Uiyi + Ujyj + (Xj - Xi)@ sin(ui + Uj)t + (yj - Yi)Ui COS(Ui + Uj)t 
i& = Xk, ??k = Yk, k # $5 (17.1) 
L?k = Xk, $k = Yk, k # i,L 
for Ui + Uj = 0. (17.2) 
Here ai = k+/2nrfj, aj = kj/2rrfj is the phase flow of system Hij. Hamiltonian system (3) is 
a separable Hamiltonian system H = Cl..i<j<N Hij. According to Section 1, we can construct 
explicit symplectic schemes by the compokions of phase flows ghij. 
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(a) kl and Ic2 of same sign, ICI = 2, k2 = 3, initial 
positions (0, l), (I, 0), step-size At = 0.01, 300 steps. 
(b) kl and kz of opposite sign, Icl = -2, k2 = 3, and 
initial positions (0, l), (I, 0), step-size At = 0.01, 1500 
steps. 
Figure 1. Motions of two point vortices in unbounded fluid. 
m 
II3 Cl,O) 
Figure 2. Integrable motion of three point vortices on the unbounded plane. 
5. NUMERICAL EXPERIMENTS 
It is well known, that the N-vortex problem with N = 1,2,3 are all integrable (in an unbounded 
domain). In the case of just two vortices, the distance d between them must remain constant 
and the two vortices move in circular paths about the center of vorticity with the same constant 
angular velocity !$&@ as indicated in Figure 1. 
Suppose there are three point vortices at the beginning, located at (0, l), (O,O), (1,O) with 
kl = 1, k2 = -2, kg = 3 as Figure 2 shows. We will compute the trajectories of these three point 
vortices. The computational steps are listed below. 
We know the Hamiltonian function of this system is 
H = Hn + H23 + H13. 
Each of H~z, H23, H13 can be calculated by the exact scheme (17), and the composed schemes (7) 
or (8) can be used to get the second order accuracy. To achieve fourth order of accuracy, we can 
use the composed schemes (9) or (10). 
Figure 3a is the trajectory of the point with initial location A = (O,O), Figure 3b is that of 
B = (1,O) and Figure 3c is that of C = (0,l). In these three figures, we take At = 0.1 and 
compute 4000 steps. Figure 3d is the trajectory of point A of 8000 steps. 
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Figure 3 
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Figure 4. 
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Figure 5. 
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At the same time, we use symplectic schemes to compute the case of two point vortices. 
We calculate 4000 steps with step-size At = 0.5, the trajectories are two concentric circles as 
Figure 4 shows, and we see the symplectic schemes preserve the structure of the problem. The 
results obtained by using fourth order Runge-Kutta scheme under the same step number and 
step-size are shown in Figure 5. We can see, in Figure 5, the two concentric circles diffuse, no 
longer maintaining their original sizes. 
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